Abstract-Polarimetric radar measurements are sensitive to the size, shape and orientation of raindrops and provide information about drop size distribution (DSD), canting angle distribution and rain rate. In this paper, we propose and demonstrate a method for retrieving DSD parameters for calculating rain rate and the characteristic particle size. The DSD is assumed to be a Gamma distribution and the governing parameters are retrieved from radar measurements: reflectivity ( ), differential reflectivity ( ), and a constrained relation between the shape ( ) and slope (3) parameters derived from video disdrometer observations. The estimated rain rate is compared with that obtained from more traditional methods and the calculated characteristic size is compared with the measured values. The calculated based on the retrieved Gamma DSD is also compared with measurements. The proposed method shows improvement over the existing models and techniques because it can retrieve all three parameters of the Gamma distribution. For maintaining the continuity of earlier published results, raindrop shape is assumed to be equilibrium.
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I. INTRODUCTION
S INCE a differential reflectivity was first proposed for rain estimation by Seliga and Bringi in 1976 [1] , the polarimetric radar technique has attracted attention in radar meteorology [2] - [4] . Much progress has been made in retrieving cloud microphysical properties and rain rate [5] , [6] . Polarization parameters such as radar reflectivity ( ), differential reflectivity ( ), linear reflectivity difference ( ), specific differential phase shift ( ), linear depolarization ratio (LDR), as well as the correlation coefficient ( ) have been successfully measured. These polarimetric measurements provide more information about precipitation and allow better characterization of hydrometeors. In general, , , and are used to estimate rain rate and drop spectrum, since they depend mainly on drop size and shape [7] - [12] . LDR and the covariances are used for retrieving canting angles because they are sensitive to particle orientation [13] , [14] .
Rain rate ( ) estimation from radar measurements is based on empirical models such as -, , and relations, which are usually derived from regression analysis of radar and rain gauge measurements or numerical simulations [7] , [8] , [15] . Fixed empirical relations cannot give accurate estimation results for various types of rain. The instantanous reflectivity-based rain rate estimate is affected by various factors such as the shape and size distribution of raindrops. The -rela-tion can have a factor of two error for rain estimation since is the sixth moment of the drop spectrum, while rain rate is proportional to the 3.67th moment [3] . Because the measurement of involves averaging over range, may overestimate or underestimate rain rate due to the range averaging of differential phase ( ) [3] . may give acceptable rain estimation for some cases, but it does not provide rain drop size distribution (DSD).
Accurate rain rate estimation requires detailed knowledge of rain DSD [3] , [16] . In the past, rain DSD was commonly assumed to be an exponential distribution [17] , [18] (1)
Exponential distribution has only two parameters ( , ), which may be inferred from and . Some observations, however, indicate that natural rain DSD contains fewer of both very large and very small drops than exponential distribution [19] - [21] . Ulbrich [19] suggested the use of the Gamma distribution for representing rain drop spectra as (2) The Gamma DSD with three parameters ( , , and ) is capable of describing a broader variation in rain drop size distribution than an exponential distribution, which is a special case of Gamma distribution with 0. It has been found that the three parameters are not mutually independent [19] , [23] . Haddad et al. [23] parameterized rain DSD with transformed parameters that are uniformly random [24] . A normalized Gamma distribution was first proposed by Willis and recently adopted by Illingworth and Blackman to eliminate the dependence between and [25] , [26] . The effort has concentrated on generating Gamma DSD from independent random variables.
For rain DSD retrieval however, the problem is how to retrieve the three parameters from limited radar measurements. Reflectivity and are directly measured at every gate, whereas is the range derivative of , the differential phase, over a number of gates. Thus gate-by-gate measurements of and cannot be combined with the range-smoothed for DSD retrieval. Therefore, only and are used for DSD parameter retrievals. An additional relation is needed for retrieving the three parameters of the Gamma distribution. An -relation was used in Ulbrich's work on retrieving rain DSD from radar reflectivity and attenuation [19] , but that relation is quite noisy in this study (see Section III-B).
In this paper, we propose a method for retrieving DSD parameters and use them to calculate rain rate and the characteristic size. The parameters are retrieved from radar measure-0196-2892/01$10.00 © 2001 IEEE ments and , and a constrained relation between and derived from disdrometer observations. The paper is organized as follows. In Section II, simple closed-form expressions for polarimetric signatures of rain based on numerical calculation and curve-fitting of scattering amplitudes of raindrops are described. In Section III, we show results from video disdrometer measurements. The three parameters of Gamma DSD are obtained from three moments and then the -relation is derived from the scatter plot. In Section IV, we present the method of retrieving the parameters from radar measurements. The results are compared with those based on the earlier published techniques. The proposed method shows improvement over the existing models. A summary of the proposed technique and discussion of results are given in Section V.
II. THEORETICAL FORMULATION
A complete theory of radar polarimetric signatures of hydrometeors (rain, hail, snow) can be found in previous studies [11] , [3] , [4] . In this section, we review the formulation and present closed-form expressions for polarimetric variables such as , and for a specified DSD and canting angle distribution.
The principle of polarimetric measurement is based on drops not being spherical but oblate in shape. The bigger the rain drop, the more oblate the shape. The relation between the shape parameter, the axis ratio between minor to major axis , and the equivolume diameter was given by Green [22] . By solving Green's equation and polynomial fitting, the following equation is obtained: (3) where is in mm.
When there is an electromagnetic wave incident on the spheroidal rain drop, wave scattering and propagation are different for horizontal and vertical polarizations. We first calculate the scattering amplitude of spheroidal rain drop at S-band of wavelength 10.7 cm based on the T-matrix method and Rayleigh scattering approximation. The dielectric constant of water is evaluated at a temperature of 10 C [27] . The scattering amplitudes are plotted as a function of the equivolume diameter and shown in Fig. 1 . Fig. 1 (a) and (b) are backscattering amplitudes for polarization along major ( ) and minor ( ) axes, respectively. Fig. 1 (c) and (d) show the corresponding forwardscattering amplitudes as a function of the equivolume diameter. The solid lines represent results using the T-matrix method, and dashed lines represent results calculated from Rayleigh scattering. We see good agreement between the two approaches except for very large drops ( 4 mm). For the convenience of using these results for DSD retrieval, we fit the T-matrix results with the power-law function. The resultant magnitudes of the backscattering amplitudes ( ) and the real part of forward scattering amplitudes ( ) are as follows:
Re mm (6) and Re mm (7) The backscattering amplitudes are used for computing , , and , whereas the difference between the real part of the forward-scattering amplitudes is used for computing . The difference between squares of the backscattering amplitudes can be written as mm (8) and the difference between the forward-scattering amplitudes is written as Re mm (9) Since rain media contains many randomly distributed particles, the total scattering amplitude is the sum of the individual scattering amplitude with relative phase taken into account. The wave statistics of the polarimetric measurements can be calculated based on ensemble averaging. The particle position, size, and orientation are randomly distributed. For simplification of derivation, we assume that the particle size and the orientation are statistically independent.
The second moment of scattering amplitude in horizontal polarization ( ) and vertical polarization ( ) can be obtained (see Appendix) as mm m (10) mm m (11) where the represents an ensemble average. In above equations, is the standard deviation of the canting angle. For dual-polarization radar measurements, the reflectivity at horizontal ( ) and vertical polarization ( ) can be expressed as mm m (12) and The dielectric factor , is the complex dielectric constant, and is the wavelength in meters. The reflectivity difference is (14) and the reflectivity ratio is (15) The specific differential phase [14] is Re degree km (16) III. DISDROMETER OBSERVATIONS Application of the polarimetric radar technique for estimating precipitation has been evaluated in various field experiments. Data used in this study were collected in east-central Florida during the summer of 1998 when NCAR's S-Pol radar was deployed in a special experiment (PRECIP98) to evaluate the potential of polarimetric radar for estimating rain in a tropical environment. The experiment was conducted in conjunction with the National Aeronautics and Space Administration (NASA) Tropical Rain Measuring Mission (TRMM).
Here we compare S-Pol radar measurements and raindrop observations from a video disdrometer [34] . The 3 dB beamwidth of S-Pol is 0.92 and the radar data were collected at 1 elevation angle. The disdrometer was located at an azimuth of 315 and a range of 38 km from the radar. Drops were quantized into size categories of 0.05 or 0.2 mm at 1 min intervals. The observations include drop concentrations, the number of drops within each size category, and their mean terminal velocity.
A. Fitting the DSD with a Gamma Distribution
The measured DSD can be fitted with a Gamma distribution by curve-fitting or matching moments. The moment method has been widely accepted in the meteorology community [20] , [21] . For a Gamma distribution, the th moment is (17) In general, the three parameters ( , , and ) can be solved from any three moments. Tokay and Short [21] used the third, fourth, and sixth moments. The results are shown in Fig. 2 . The solid line is from the method of using the second, fourth, and sixth moments. It fits the measurement well and gives a consistent rain rate estimation. The rain rate from the measured DSD is 74.9 mm hr , and the calculated rain rate from the fitted DSD is 71.9 mm hr . We use the moment method to fit the measured DSD with Gamma distribution since the three moments directly correspond to radar measurements -, -, which is close to , and the scattering cross section at the geometrical optics region .
B. Relations Among DSD Parameters
To find relations among the three parameters of Gamma DSD, we plot versus , versus , and versus , and show the result in Fig. 3(a)-(c) , respectively. Both -and -plots are highly scattered, while high correlation exists in the -plot. Dependencies of and on rain rate ( ), and the relation between rain rate and median volume diameter (MVD), are shown in Fig. 4 . Again, there is little correlation between and , and and . We notice that the large values of and ( 15) correspond to low rain rate ( 5 mm hr ). Polarimetric measurements are more sensitive to heavy rain than to light rain. Thus, in Fig. 5 , we plot -and -for the cases ( 5 mm hr ). has better correlation with than that shown in Fig. 3(a) , but the scatter between them is large with a correlation coefficient of 0.85 compared to the scatter between versus . For a given 2, ranges from 10 to 10 , which is more than ten times different from the fitted value. The relation for versus is found by using polynomial curve-fitting, which has a correlation of 0.97, as given by (18) The video disdrometer measurements included convective and stratiform precipitation. Equation (18) is very similar to that derived from DSD measurements in Darwin, Australia, [28] , and in good agreement with the DSD observationsin other studies [21] , [29] - [31] . DSD parameters measured in various geographical locations show reasonable agreement with the -relation obtained in Florida rain events as shown in Fig. 5(c) . Equation (18) suggests that irrespective of rain intensity or rain type (convective or stratiform), DSD parameters exhibit the following characteristics: 1) large (small) corresponds to narrow (broad) distribution, and 2) large (small) corresponds to small (large) MVD and narrow (broad) distribution.
IV. DSD PARAMETER RETRIEVALS AND RAIN RATE ESTIMATION
The -relation (18) combined with the and constitute the three equations for retrieving the three Gamma DSD parameters. Datasets selected for analysis were obtained on August 8 and 21 and September 17 during PRECIP98. Radar samples were made at intervals of 20 s to 2 min and had a spatial resolution of 0.15 km. The azimuthal dimension of the radar beam at the video disdrometer location is 0.61 km. Precipitation echo might advance 0.5 to 1 km in a minute. To reduce the uncertainty in the radar measurements the data were averaged over five range gates. And when more than one radar observation was taken during the 1 min sampling period of the disdrometer, the radar data were also averaged in time. Comparisons between the radar and the disdrometer are for the range bin that includes the disdrometer. In the next section, we illustrate the retrieving procedure and compare the results with those obtained using different techniques.
A. Parameter Retrievals
In the case of a two parameter (exponential) DSD, reflectivity and differential reflectivity observations can be used for estimating and [1], [2] . As shown in the previous section, the dependency between and reduces the three parameter Gamma DSD to a two parameter function, which we refer to as a constrained Gamma DSD. Thus, and can be used to infer the two parameters. Fig. 6 shows the relations of versus and versus for the constrained Gamma DSD. For a specified , can be inferred and then using the inferred and , the parameter can be obtained. This procedure is implemented as follows.
Step 1) Use an iteration method for retrieving and from the coupled equations of (15) and (18).
Step 2) Find from (12) with a specific , , and .
B. Rain Rate Estimation and Comparison
Once the rain DSD is known, the rain rate can be calculated as (19) For the video disdrometer measurement, the drop spectrum and the terminal velocity are directly measured, and the rain rate is calculated using (19) . Rain rate is computed for every 1 min sample of disdrometer observation.
For radar measurements, the rain rate can be obtained either by retrieving the DSD (as discussed above) or using empirical relations. The terminal velocity is assumed [3] and the rain rate can be calculated by substituting (2) and (20) into (19) and performing the integration mm hr (21) Traditionally, the rain rate is estimated by using empirical relations. The NEXRAD is mm hr (22) Fig. 6 . Dependencies of Z and 10 log(Z =N ) on 3.
TABLE I MEAN RAIN RATE COMPARISON
Rain rate estimation based on and is [15] mm hr (23) Rain rate estimation based on is [15] mm hr (24) S-Pol is a well calibrated radar system. Bias error in dBZ measurement is known within 1 dB. Standard errors in , and are 1 dB, 0.2 dB, and 0.3 , respectively, for a typical spectral width of 2 ms [3] . The results for the rain rate estimation during the PRECIP98 experiment are shown in Fig. 7 . Fig. 7 (a) and (b) are taken from 19:06:00 to 19:41:00 on August 8, 1998 , in which we see a mismatch between video disdrometer and radar-based peak rain rate. The mismatch might be due to the sampling and the radar beam offset. Fig. 7(c) and (d) shows the results for a period (14:20:00 to 15:00:00) on August 21, 1998. Good agreement can be seen between video disdrometer measurement and the constrained Gamma retrievals from radar measurement. Fig. 7(e) and (f) show the results for the period 21:21:00 to 21:41:00 on September 17, 1998. The constrained Gamma retrievals give a reasonable rain estimation compared with other methods. Since rain rates fluctuate during this period and the sampling problem (mismatch between disdrometer location and radar sensing volume) introduces uncertainty, the mean rain rates are computed for the entire period. Table I shows the comparisons of the mean rain rates obtained with the five different methods.
The estimators , , and were derived from simulation results with MVD varying between 0.5 and 2.5 mm [15] . The video disdrometer observations indicate MVD is 1.5 mm. The results shown in Table I Fig. 4(c) ]. In general, the constrained Gamma retrievals are in better agreement with the disdrometer measurements.
C. Characteristic Size Retrieval and Comparison
In addition to rain rate, MVD of rain is another important parameter to characterize rain. To our knowledge, only limited results of MVD retrieval using polarization measurement have been published except for the exponential DSD. With the method of constrained Gamma DSD retrieval, we are able to calculate the MVD using the retrieved and from as (25) Empirically, MVD is directly estimated from (in dB units) [32] as mm (26) The disdrometer-measured and retrieved MVDs are shown in Fig. 8(a)-(c) . The dot-plus line is from the disdrometer measurement. The solid line shows the radar retrieved value using the constrained Gamma DSD retrieval. The dashed line is that retrieved based on exponential DSD. The dot-dash line is obtained from the empirical relation (26) . Fig. 8(a) again shows the mismatch between video and radar measurement. Fig. 8(b) and (c) shows that the constrained Gamma retrievals agree with disdrometer measurements, that the retrievals are much better than exponential DSD retrievals and that they are a little better than the empirical result. The mean differences of the Gamma DSD retrievals from the disdrometer measurement are 0.164, 0.104, and 0.153 mm, while the exponential DSD retrievals are 0.464, 0.408, and 0.360 mm, respectively. The mean error is reduced to 1/3 by using constrained Gamma DSD. The mean differences for the empirical relation are 0.162, 0.122, and 0.221 mm, which are larger (on average) than those from constrained Gamma DSD.
We notice that the MVD cannot be obtained unless rain DSD has been retrieved or an empirical relation is used. As shown in Section II, the reflectivity difference is proportional to the 7.195th moment of DSD based on the power-law fitted relations (8) . It is well known that S-band reflectivity of rain is close to the sixth moment. The ratio of and can be used to define a characteristic size of raindrops. Thus, a new parameter, namely, radar estimated size (RES) for rain DSD can be defined as RES (27) The constants and can be estimated from the power-law fitted relations (4) and (8) and have values of (8.97, 0.866) for 5 and (10.19, 0.866) for 15 , respectively. For a narrow DSD, the MVD and RES can be the same. In the case of a broad distribution, the RES can be a lot larger than MVD. An RES retrieval is shown in Fig. 8(d) . The solid-plus line represents disdrometer measurements. The solid line is the radar retrieved value based on the -ratio (27) , and the dashed line is the result calculated from the retrieved Gamma DSD. We see good agreement among all three approaches. The advantage of using RES instead of MVD is that the particle size can be obtained without knowing the DSD.
D. Comparison Between Measured and Retrieved
In the constrained Gamma DSD retrieval, is not used because of the smearing effect from gate to gate that results from filtering.
, however, can be measured using a polarimetric radar, and it is widely used for rain rate estimation. In this subsection, we calculate using disdrometer measured DSD and the retrieved DSD inferred from and and compare them with radar measurements.
The results are shown in Fig. 9 . The dotted line with plus signs represents the calculated results from the disdrometer measured DSD. The dashed line with asterisks represents the radar . The solid line represents the calculated from the retrieved Gamma DSD based on radar measured and . The from the retrieved Gamma DSD captures the measured results well and has higher peaks than the measured value. The large values agree well with those calculated from video disdrometer measured DSD [ Fig. 9(b) ]. This is expected because the measured is derived from low-pass filtering of , which smears the high values. The retrieved Gamma DSD, however, is obtained from and for a single range gate.
V. SUMMARY AND DISCUSSIONS
In this paper, we propose a method of retrieving rain DSD from polarimetric radar measurements. A constrained ( -) relation derived from disdrometer observations is used in retrieving a Gamma distribution. DSD parameters exhibit the following characteristics: 1) large (small) corresponds to a narrow (broad) distribution, and 2) large (small) corresponds to small (large) MVD and narrow (broad) DSD. The Gamma DSD parameters ( , , and ) are retrieved from radar measurements ( and ) and the constrained relation. Rain rate, particle size, and are calculated and compared with that obtained from disdrometer measured DSDs. The constrained Gamma DSD retrieval has the following advantages over existing methods: 1) it allows the three parameter Gamma DSD to be retrieved and the shape of DSD to be obtained, 2) it gives a better estimation of MVD than the exponential DSD model; and 3) the DSD-based has sharper peaks than radar measured due to range averaging of profile. The closed-form expressions for reflectivity, specific propagation phase, and differential reflectivity were obtained using rigorous scattering calculations. The expressions depend on both size and canting angle distribution parameters. The constrained relation used in this paper was derived from disdrometer observations taken from Florida rain events. This relation may change for different locations or seasons, in which case the coefficient might have to be adjusted. Errors from the curve fitting and integration depend on the rain DSD. The errors are larger for a broader DSD and smaller for a narrower DSD. For example, the error from fitting is within 2% and that from integration is within 3% for a DSD of 1.5 mm and 2. The integration over particle size within a finite region can be performed by using incomplete Gamma function. The mismatches in the comparisons of rain rate and drop size might be due to huge difference in sampling volumes between radar and disdrometer. Nevertheless, ground-based gauge or disdrometer is used as a standard comparison. Variation in agreement between radar and disdrometer might also depend on advection of the precipitation and finite sampling interval of radar and video disdrometer (1 min). In this study, no correction is made for movement of the storm. In this paper, Green's equilibrium model has been used to calculate the axis ratio of raindrops. The effect of particle shape on rain estimation will be investigated in future work. However, the retrieval technique is a general method and combines both radar and ground-based observations for more accurate rain estimation.
APPENDIX DERIVATION OF THE SECOND MOMENTS OF SCATTERING AMPLITUDES FOR CANTING RAINDROPS
Consider an oblate spheroidal particle (as shown in Fig. 10 ) with a symmetric axis ON, major and minor semi-axes and . For the incident polarization of the wave aligned along the major and minor axis, the cross-polarization term is zero and the scattering matrix ( ) is diagonal as (A.1) where and are proportional to the horizontal and vertical scattering cross sections of the oblate spheroid, respectively.
For a wave incident at an elevation angle ( ) from the symmetric axis, Rayleigh scattering amplitude can be approximated [35] Radar resolution volumes contain a collection of particles that are randomly distributed, and the corresponding total scattering amplitude is (A .5) where , or and , is the position of the th scatterer. The above described scattering amplitude can be used to obtain various co-and cross covariances as shown in (A.7) (A.6) (A. 7) where the represents the integration over droplet size, and -is the average over orientation. It is assumed that orientation and particle distributions are statistically independent. For small canting angle and elevation angle, we have approximated expressions for co-pol scattering as follows: 
